Abstract. As discussed in a number
NOTATION (MINIMAL)
a
INTRODUCTION
Beyond the high performances of 2D lattices from a static point of view [1] [2] [3] [4] [5] [6] , there is a great interest in searching for the existence of band gaps within the low frequency region, which is a key topic for a number of innovative applications. These include energy absorption devices, noise and vibration controllers as well as advanced strategies for the seismic isolation [7] [8] [9] [10] [11] [12] .
The main preliminary consideration is that the underlying microstructure may influence the mechanical response of 2D square lattice according to a complex interplay between different mechanisms. A first one, which is still under investigation by researchers worldwide, is related to the so-called "size-effect" of the slender members of the RUC. This effect is relevant both on the static and on the dynamic properties. Another mechanism concerns the mass density distribution. It has been demonstrated that lumped masses placed in a non-uniform way over the RUC configuration may facilitate additional band gaps to appear and magnify their width at the same time, thus allowing the 2D square lattice to behave as a mechanical waves filter. In a manner of speaking the final behaviour of a 2D square lattice in presence of a wave signal is influenced not only by the RUC configuration. How the mass distribution is spanned over the RUC seems to be more and more relevant. Moreover, an additional mechanism concerns the inner damping characteristics of the constituent materials, which usually are polymer-based.
From a mechanical perspective, the study of the dynamic properties of a 2D lattice is usually based on several assumptions. Primary, the hypothesis of an infinite lattice is helpful due to the possibility of restricting the analysis to the representative unit cell (RUC) by virtue of the Bloch theorem.
As an example, a simple configuration of the representative unit cell is shown in Figure 1 , where the symbols a1 and a2 are for the generating vectors along the directions of spatial periodicity. The considered topology in this case requires that a1 and a2 are normal to each other. The displacement of an arbitrary point P of the infinite 2D lattice is given by: exp k i t w u r u r k r (1) with the symbol r indicating the position vector of a generic material point P, the symbol k denoting the Bloch wave vector, ω the angular frequency and the amplitude which exhibits the same spatial periodicity as the point lattice. It useful to express the position vector r as follows:
n n r r a a (2) where ( 1 2 , n n ) is an integer pair and 0 r is the position vector of O, which is the corresponding point of P within the RUC. Equation (1) becomes:
exp n n u r u r k a k a
The periodic boundary condition for the dynamic analysis of the unit cell assumes the following final form:
under the hypothesis the Bloch wave vector is represented by means of a linear combination of the reciprocal space vectors b1 and b2:
MECHANICAL MODEL
The mechanical model proposed for the dynamic analysis of 2D lattice materials is discussed in great detail in two previous works [13] [14] .
The main assumptions are: -The spatial periodicity vectors 1 a and 2 a are orthogonal to each other with the same norm a. This implies the investigation is limited to square lattice only.
-The RUC configuration can be modelled by interconnecting straight micro-beams.
-The primary microstructure is made of four micro-beams, which are present in any case ( Fig. 2.I ). Auxiliary micro-beams can be present depending on the designed topology ( Fig. 2.II ).
-Rigid internal connections are considered. In the present work, moreover, couple stresses are considered together with classical Cauchy stresses by means of an additional constitutive parameter with the physical dimension of a scale length [15] [16] [17] [18] [19] [20] . The scope is to account for the micro-beams local behaviour. It is also important to underline that couple stresses are considered in a simplified manner, according to the so-called Modified Couple Stress Theory, which assumes only the symmetric part of the rotation gradient may influence the strain energy density, as discussed from a critical viewpoint in [21] . Finally, the mass distribution is allowed to be not uniform over the RUC configuration, which is the novel feature of the present work.
NUMERICAL ANALYSES
A parametric analysis has been carried out with the aim of underlying the influence of the microstructural behaviour on the dynamic response of a 2D square lattice. Two aspects are considered: the presence of an auxiliary microstructure and/or the presence of the size-effect (l ≠ 0). Geometric and mechanical characteristics of the reference unit cell are summarized in Table 1 Table 1 Geometry and mechanical parameters (I/II indicating the considered topology as in Fig. 2 ).
It is worth noting that the considered geometry is the same investigated in [14] . Dealing with the constituent materials, the following hypotheses are taken into consideration: -The primary micro-structure is composed of aluminium: E=9.00×10 4 N/mm 2 ; n =0.23; G=3.66×10 4 N/mm 2 ; l= 6.58 mm; ρ =2.70×10 -6 kg/mm 3 .
-If an auxiliary micro-structure is present, this one is composed of aluminium (i), as above, or epoxy resin (ii): E=1440 N/mm 2 ; n =0.38; G=522 N/mm 2 ; l=17.6 mm; ρ =1.10×10 -6 kg/mm 3 .
The possibility of considering different materials for the primary and the auxiliary microstructures represents a generalization of the parametric analysis discussed in [14] . Moreover, three different further assumptions are considered: a) the microscale characteristic length l is equal to zero (i.e. the size effect is discarded); b) the size effect is present (l ≠ 0) for the auxiliary beams of the RUC [21] [22] ; c) the size effect is present for both primary and auxiliary beams of the RUC [21] [22] .
For what concerns the finite element approximation, a detailed description of the proposed approach is discussed in [13] as well as the "enhanced" finite element proposed for this scope. The convergence rate and the accuracy of the numerical solutions have been adequately assessed in a previous work [14] .
DISCUSSION AND FINAL REMARKS
In Table 2 the main results concerning the lowest natural frequencies (not dimensional) are presented. They refer to the relevant points O, A and B of the boundary of the irreducible part of the first Brillouin zone indicated in Figure 3 . The numerical results presented in Table 2 allow to make a comparison between two different hypotheses concerning the constituent material of the auxiliary microstructure: i) aluminium (i.e. the same material as the primary microstructure) or ii) epoxy resin. Moreover, the comparison is extended to the influence of the microstructure length, according to the assumptions previously summarized by acronyms "a", "b" and "c". In Table 3 the position and the width of the first band gaps are presented. It is also indicated the number corresponding to the immediately below band (lower band number). The main conclusions can be summarised as follows. 1. The magnitude of the micro-scale length l influences the position and width of the first band gaps. A forward shift of the first band gaps is determined by the presence of the size-effect. 2. The presence of the auxiliary micro-structure allows flat bands to appear in the low frequency region. 3. A not-uniform dis-tribution of the mass density over the RUC produces a significant change of the band structure of the 2D lattice.
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